We consider the supermultiplet of linearized beta-deformation of N = 4 Super YangMills(SYM). It was previously studied on the gravitational side. We study the supermultiplet of beta-deformations on the field theory side and we compare two finite-dimensional representations of psl(4|4, R) algebra. We show that they are related by an intertwining operator. We develop a twistor-based approach which could be useful for studying other finite-dimensional and nonunitary representations in AdS/CFT correspondence.
Introduction
Much progress in order to understand the AdS/CFT correspondence has been achieved since it was formulated [1, 2] . An important tool is the study of small perurbations. In the CFT side they correspond to deformations of the SYM action.
Small perturbations in the supergravity(SUGRA) side correspond to small fluctuations of the classical SUGRA fields around their "vacuum" values in the maximally symmetric background solution, AdS 5 × S 5 . There was extensive study of small fluctuations [3] . However, even at the linearized level, the research was mainly focused on unitary representations [4] . We feel that non-unitary representations are also important and have not been sufficiently studied in this context. In particular, there are finite-dimensional representations [5] . To the best of our knowledge, the classification of finite-dimensional representations is missing.
The beta-deformation is probably the simplest example of a finite-dimensional representation, it is very well studied on the SUGRA side [6] , [8] , [9] , [7] . On the field theory side, it is a particular case of the deformation studied by Leigh and Strassler [10] . It preserves N = 1 SUSY and depends on two complex parameters.
However, the full supermultiplet has never been studied on the field theory side. And we fill this gap with the present paper. Moreover, we develop a new method, which is hopefully useful also for other non-unitary representations. Namely, we consider the deformation of the SYM action, the one considered in [10] . It is evaluated on the tensor product of singleton representations. We will use the oscillator representation of the singleton representation of psl(4|4, R) [11] ; for a review of the superconformal algebra see [12] .
The N = 4 SYM admits a formulation in twistor space [13] , see also [14] . A vector in the singleton representation can be understood as a wave function of the free field on R 2,2 supported on the α-plane. This method allows us to reduce the problem to finding the fininite-dimensional invariant subspace in the tensor product of three singleton representations. Basically, in order to classify deformations of the SYM action, it is enough to evaluate them on tensor products of the spaces of solutions of free equations, which are dual to singletons.
Plan of the paper We make a review of N = 4 SYM theory and psl(4|4, R) superalgebra. Namely, we focus on the oscillator representation of psl(4|4, R), which we call oscillator picture. We also review the relation between the oscillator picture and supertwistors. We discuss how to write single trace operators on both pictures in Section 2. Then in Section 3 we present the structure of the supermultiplet of β−deformation on the field theory side. Using the oscillator picture we show the conformal invariance of O[B] in Appendix A.
2 Marginal Deformations in N = 4 SYM theory and psl(4|4, R) N = 4 SYM is a field theory with the maximal amount of supersymmetry in four dimensions and is unique [15] , for an extended review see Chapter 3 of [16] . The action of this field theory is
where capital letters run from 1 to 4. N = 4 SYM admits a formulation in terms of N = 1 language, one of the four fermions is combined with the gauge field to form the vector superfield. The remaining fermions are combined with three complex scalar, to form three chiral superfield. The superpotential W is given by
where i, j, k indices running from 1 to 3, Φ i denote the three chiral superfields and a, b, c denote gauge group SU(N) indices.
In this work we are interested in study deformations of this field theory. To begin with, let us start with the deformation studied by Leigh and Strassler [10] . The superpotential (2) is deformed to
where
The action at linear order in h is
the deformation is conformal invariant at classical level for all values of h ijk . S 
where B
[mn]
(ij) = h ijl ǫ lmn , with latin indices running from 1 to 3. We will see that this condition is crucial for matching with the field theory side.
The superalgebra psl(4|4, R)
The symmetry group of the action (1) is P SU(2, 2|4). Local operators of N = 4 SYM are arranged in multiplets of the algebra psl(4|4, R) [17] . The generators of the algebra psl(4|4, R) are the sl(2) × sl(2) rotations l α β ,lα β , the sl(4) rotations, the translation p αα , the conformal generator kα α , the supersymmetry generators q Aα ,q Ȧ α , the superconformal generators s Aα ,sα A as well as dilatation generator D.
Using N = 1 language to write down the action S 4 , it breaks the original R symmetry into SU(3) × U(1) .
Oscillator representation of psl(4|4, R) superalgebra
The oscillator method was developed in order to construct unitary irreducible representations of non-compact groups [11] in terms of its maximal compact subgroup. Namely, the generators of the gl(4|4, R) superalgebra can be represented in terms of two sets of bosonic oscillators (a α , a † α ), (bα, b †α ) with α,α = 1, 2 and one set of fermionic oscillator (c A , c †A ) with A = 1, 2, 3, 4. The non-vanishing relations of commutation are
The gl(4|4, R) generators can be written as products of two oscillators, the supercharges, translations and conformal transformations are
The dilatation generator reads as follows
and the sl(2) × sl(2) and sl(4) rotation generators are
Also there are two gl(1) generators
which are the central charge and outer derivation, respectively. All fields in N = 4 SYM are uncharged with respect to the central charge C, therefore can be dropped. This procedure leads to sl(4|4, R). The generator B does not appear in commutators in sl(4|4, R) and can be projected out, giving the algebra psl(4|4, R).
N = 4 SYM fields in terms of oscillators and supertwistors
Here we give a brief description of how we can write down solutions of free SYM theory in both oscillator representation and supertwistors. Also we present an equivalence between oscillator and supertwistor pictures. We finish this section writing composite operators in both pictures.
To write down the free field components of N = 4 SYM in the oscillator picture. Let be |0 an invariant non-physical vacuum under psl(4|4, R), it is annhilated by c A , bα and a α [4] . Let us define scalar fields as
the another fields without derivatives can be obtained by applying the SUSY's generators q Aα andq Aα on (11). They read as follows
and the self-dual and antiself-dual of the field strength are given by
where the tildes means up to a proportionality constant.
From oscillators representation to supertwistors
The set of oscillators introduced above can be written in terms of supertwistors variables. Supertwistors Z parametrize the space RP 3|4 [13] 
where λ α and µα are two-components bosons and Ψ A is a four-components fermions. A twistor
which are called α−planes. In the supersymmetric case, ψ A define also a plane in θ space
where xα α and θ Aα are coordinates in superMinkowski spacetime M 4|8 . The oscillators are related to the the variables λ, µ and ψ, say the twistor picture, by
and so on. The generators of psl(4|4, R) can be written in terms of supertwistor variables leading to first-order differential operators [13] . On-shell N = 4 SYM fields can be described by a scalar superfield Φ(λ, µ, η) [18] :
Notice thatf andf are independent of η and that all the fields are in the twistor picture. The scalar Φ(Z) in twistor languague [19, 20] is written as
see Appendix C of [19] for a derivation of (19) In order to recover the spacetime dependence, we need to Penrose transformf ,ψ A ,φ AB ,ψ andf . For a review see appendix A of [13] . The scalar field (11) is given by
roughly speaking, we can state that the non-physical vacuum |0 can be related to (19) up to Penrose transform. The another free fields (12) and (13) are given as follows
Fields
Oscillators Stwistors
where R = e ip·x is the translation operator.
Single trace operators
However in gauge theories with gauge group SU(N), e.g. N = 4 SYM. We need the product of these fields leading to composite operators. In this work we are interested in single trace composite operators.
In this section, we explain how to write down single trace operators in terms of oscillators. We set up the following notation. (φ ⊗ ψ + ψ ⊗ φ).
At linear order in h, say O[B]. The multiplet in the oscillator picture is
The index j denotes in which singleton representation acts the R (j) operator. (21) is invariant under conformal transformation. In Appendix A we show this fact using the oscillator representation.
In the twistor picture (21) is given by
We see that (23) is finite on-shell. We can evaluate it on the product of three off-shell fields and the integral is convergent 2 . This means that (23) defines an element of the dual space to the tensor product of three singleton representations.
The structure of the supermultiplet
In this section we describe the full supermultiplet of β−deformation in the field theory side. Instead of working in both oscillator picture and/or twistor picture, we just work out in the oscillator picture.
Descendants multiplets from O[B]
It is known that (c
. Below we list in a table the set of deformations arising from the multiplet O[B]. On the left hand side we listed the representations of psl(4, 4|R) namely (g ∧ g) 0 . The AdS/CFT correspondence implies that those representations are related to the field theory by a certain intertwining operator. In the field theory side representations of the algebra comes from the subspace in the tensor product of three singletons.
Action of q andq on O[B]
Here and the following subsection we describe the supermultiplet of β−deformation in the field theory side.
From the supersymmetry algebra, we know that q Aρ andq Ȧ ρ commute with P µ . They act just on Ψ 
where the right hand side (rhs) is
in terms of oscillators. To be more clear, what we get is
The result of acting with a second SUSY generator q B̺ on (25) is
it leads us to the following
where the terms in brackets come from (28).
Symmetry of qqΨ
Antisymmetrization in A and B on (28) gives us
The above result implies that
Therefore we conclude that there are just two descendants (27) and (29) obtained from (21) by applying once and twice q, respectively.
Acting withq on Ψ
The action ofq
and
where we have used the momentum conservation and on-shell condition to get (33). Those results lead us to
where the terms in brackets of (34) and (35) come from (32) and (33), respectively. Acting with three timesq on
, following an antisymmetrization in A, B and D, we got
this implies that the only descendants obtained from O[B] after applying once and twiceq are (34) and(35). These computations were almost straightforward since q andq commute with R (j) . This will not happen with s Aα andsα A , since the commutator of them with R (j) is non-zero.
Action of s ands onto O[B]
The commutator ofs with p µ is proportional to q, it implies the following result
where xα ω is the contractionσα
where the rhs is
in terms of oscillators.
The result of actings twice on O[B] is
Antisymmetrization in A and B on (40) lead us tō
it implies thats
Field theory side 
let us recall that the complete expresion in the field theory side is (21), for a brievity let us say Ψ 
where we have used the result listed in table 1.
With the same reasoning we get additional representations of the psl(4|4, R) algebra, in subspaces of the tensor product of three singleton representations.
